Quantum-mechanical multiple-well oscillators exhibit curious complex eigenvalues that resemble resonances in models with continuum spectra. We discuss a method for the accurate calculation of their real and imaginary parts.
Introduction
Some time ago, Benassi et al [1] discussed the occurrence of complex eigenvalues, or "resonances ", in some quantum-mechanical multiple-well oscillators, and calculated them for a particular example. Recently Killingbeck [2] 1 showed that the Hill-series method yields quite accurate results for both the real and imaginary parts of those eigenvalues if one introduces a complex parameter in the exponential factor of the expansion. In principle, one has to tune up this parameter in order to obtain an acceptable rate of convergence.
Such "complexification" of the well-known Hill-series method had been tried successfully before in perturbation and matrix approaches [3] [4] [5] . Complexification is a term coined to indicate the use of, for example, a complex frequency in the treatment of a perturbed harmonic oscillator or a complex atomic number in the case of a perturbed Coulomb problem [2] [3] [4] [5] .
The Riccati-Padé method (RPM) is known to be suitable for the accurate calculation of bound states and resonances of simple quantum-mechanical models [6] [7] [8] [9] [10] [11] [12] [13] [14] . However, it has only been applied to the most commonplace resonances in the continuum spectrum [10] [11] [12] [13] [14] . The purpose of this paper is to investigate if the RPM is also a reasonable alternative to the calculation of the unusual kind of resonances considered by Benassi et al [1] and Killinbeck [2] .
In Section 2 we outline the RPM and in Section 3 we apply it to the threewell oscillator treated explicitly by Benassi et al [1] and Killingbeck [2] .
The Riccati-Padé method (RPM)
In order to make this paper reasonably self-contained, in this section we outline the RPM in a quite general way. Suppose that a solution to the eigenvalue equation
can be expanded in the form
The power-series expansion for the regularized logarithmic derivative
converges in a neighbourhood of x = 0 and the coefficients f j depend on the eigenvalue E. The function f (x) is a solution to the Riccati equation
Equations (1)- (4) apply to both one-dimensional (−∞ < x < ∞) and
is a parity-invariant onedimensional potential, then α = 0 for even states, α = 1 for odd ones, and β = 2 for both cases. If
removes the singularity at origin in the case of a central-field model.
The RPM consists of rewriting the partial sums of the power series (3) as Padé approximants
In order to satisfy this condition the Hankel determinant H (1) as D increases [6] [7] [8] [9] [10] [11] [12] [13] [14] . For brevity we call it a Hankel sequence.
Notice that one obtains the coefficients f j from the expansion of the Schrödinger equation (1) or the Riccati equation (4) quite easily, and that unlike the Hill-series method [2] the RPM does not require an adjustable complex parameter. Besides, it is not necessary to take into account the boundary conditions explicitly in order to apply the RPM, and, for that reason, the method provides both bound states and resonances simultaneously [6] [7] [8] [9] [10] [11] [12] [13] [14] .
Results and discussion
In what follows we apply the RPM to calculate the curious complex eigenvalue of the triple-well oscillator
reported by Benassi et al [1] and Killingbeck [2] . In this case β = 2 and we choose α = 0 for even states as discussed above. It is interesting to compare the strange resonance of the potential (6) with the more commonplace one of the potential
that was treated earlier by means of the RPM [10] . Table 3 shows the lowest resonance for this model for the same values of g considered before. We appreciate that the imaginary part of this resonance is considerably greater than the previous one and that it seems to approach the WKB asymptotics
The results of this paper clearly show that the RPM is suitable for the calculation of both real and complex eigenvalues of simple Hamiltonian operators, even in the case of quite small imaginary parts. We believe that this approach is a most useful tool in the numerical investigation of a wide variety of eigenvalue problems. Its main advantages are: great rate of convergence and simple straightforward application that does not require adjustable parameters or explicit consideration of boundary conditions. (6) with g = 0.14. (6) for several values of g. 0.6844475376 Table 3 : Lowest resonance of the oscillator (7) for several values of g. 
